We have studied the chemical enrichment history of the interstellar medium through an analysis of the n-dimensional stellar abundances space. This work is a non-parametric analysis of the stellar chemical abundance space. The main goal is to study the stars from their organization within this abundance space. Within this space, we seek to find clusters (in a statistical sense), that is, stars likely to share similar chemo-evolutionary history, using two methods: the hierarchical clustering and the principal component analysis. We analysed some selected abundance surveys available in the literature. For each sample, we labelled the group of stars according to its average abundance curve. In all samples, we identify the existence of a main enrichment pattern of the stars, which we call chemical enrichment flow. This flow is set by the structured and well defined mean rate at which the abundances of the interstellar medium increase, resulting from the mixture of the material ejected from the stars and stellar mass loss and interstellar medium gas. One of the main results of our analysis is the identification of subgroups of stars with peculiar chemistry. These stars are situated in regions outside of the enrichment flow in the abundance space. These peculiar stars show a mismatch in the enrichment rate of a few elements, such as Mg, Si, Sc and V, when compared to the mean enrichment rate of the other elements of the same stars. We believe the existence of these groups of stars with peculiar chemistry may be related to the accretion of planetary material onto stellar surfaces or may be due to production of the same chemical element by different nucleosynthetic sites.
INTRODUCTION
The chemical abundances observed in the atmospheres of slightly evolved stars are fossil records of the chemistry of the gas cloud from which they were formed, allowing us to identify and study the Galactic chemical enrichment. Therefore, the evolutionary history of the Galaxy is preserved in the distribution of stellar abundances (da Silva et al. 2012; Bensby et al. 2003 Bensby et al. , 2005 Bensby et al. , 2014 . On account of this, it is reasonable to expect that the stars observed today can be separated in similar chemical clusters of stars, which may reflect distinct clouds or galactic regions having the same enrichment history (Bland-Hawthorn et al. 2010 ).
Distinct chemical elements are formed in different astrophysical sites and time scales (Wallerstein et al. 1997) . In principle, it should be possible to recover the formation and evolution history of the Galaxy from an analysis of the chemical abundances of stars born at different times. The chemical abundances in different regions of the interstellar medium reflect the integrated history of several stellar generations that enriched them. The distribution of stars in the chemical (elemental) abundance space (hereafter C-space following Ting et al. 2012) can be used as a tool to recover this history. Stars are represented within the C-space by coordinates that correspond to its chemical abundances.
Here, we perform a non-parametric analysis of the stellar chemical abundance space. The main goal is to study the structured organization of the stars in the abundance space. We seek to find groups of stars that have similar chemoevolutionary history and setting these abundance clusters in an evolutionary sequence, similar to a taxonomic tree, on account on their chemical signatures (Freeman & BlandHawthorn 2002) . A significant problem is that stellar abundance surveys only sample a subspace of the C-space, since there are no complete samples with abundance measurements for all chemical elements. Because of that, we analyse stars in an n-dimensional subspace, where n is the number of elements in each sample, and our knowledge of the C-space will be limited by the dimension of this surveyed subspace.
We used three statistical methods for multivariate data mining: hierarchical clustering, the principal component analysis (PCA) and the minimum spanning tree. They are pattern recognition techniques and are used here in order to hierarchically represent the C-space.
To our knowledge, hierarchical clustering technique have been applied to stellar abundances only by da Silva et al. ( , 2015 . They investigated relations between kinematics, age and abundances for solar-type stars in the solar neighbourhood, and used dendrograms to divide the stars into groups based on the chemistry. There are very few studies in the literature that applies the PCA technique to stellar abundances. Ting et al. (2012) analysed the stellar chemical abundances in various environments in our galaxy and in nearby dwarfs galaxies, and represented these abundances in a new space with dimension smaller than that of the original components, and related to nucleosynthetic processes; and Andrews et al. (2012) made an investigation on the chemical abundances of bulge stars through the PCA technique in order to study their formation and evolution. There is a recent study about chemical tagging, Hogg et al. (2016) , which seeks similar stars in the velocity and chemical space.
Large surveys of chemical abundance were published in recent years, establishing observational constraints to the Galactic chemical evolution. Nine of these surveys were chosen to our analysis, with large numbers of stars and large amount of elements: Edvardsson et al. (1993) ; Fulbright (2000) ; Gratton et al. (2003) ; Reddy et al. (2003) ; Reddy et al. (2006) ; Takeda & John (2008) ; Neves et al. (2009) and Adibekyan et al. (2012) . Each sample covers a different range of metallicity and different Galactic populations.
This papers presents a pilot study of the structured organization of stars in the chemical abundance space. We are interested in finding clustering of stars that have peculiar (non-standard) chemistry when compared to the main chemical enrichment flow of the Galaxy. We also study the hierarchical relation of these peculiar stars with respect to other clustering of stars. We demonstrate that similar results are obtained from distinct sets of stellar abundances in samples published by different authors. Our next step will be to investigate in a similar way more complete and representative stellar samples now available from the many ongoing large spectroscopic stellar surveys, e.g., Gaia-ESO (Gilmore et al. 2012; Randich et al. 2013 ) and APOGEE (Majewski et al. 2017 ).
This paper is organized as follows: in Section 3 2 we explain how the chemical evolution formalism can be used to advance expected properties of the C-space. In Section 3 a detailed description of the samples used. In Section 4 we describe the methodologies used, the hierarchical clustering technique and the principal component analysis, and their application to our samples. Section 5 presents the results and discussions. Finally, Section 6 gives a summary of the main conclusions.
ABUNDANCE SPACE IN LIGHT OF THE THEORY OF CHEMICAL EVOLUTION
In this Section, we explain some concepts needed as background to understand what are the expectations for the behaviour of the stars in the C-space. Stars are not be found scattered throughout the C-space. They should instead follow well structured and hierarchical paths which depend on the history of chemical enrichment up to the point at which they were formed.
The equations that describes the abundance evolution of an element in the interstellar medium can be found in Matteucci (2003) or Tinsley (1980) . It is possible to show that the relation between the increase in the abundances X i and X j of two elements i and j is:
where R is the gas mass return fraction, R i and R j are return fraction of mass in the form of X i and X j , respectively. In practical terms, the effective yield y eff,i of X i is variable over time, and given by:
where y i is the net yield of elements i newly produced and ejected.
The terms in the equation 1 are similar to the the classical equation for the metallicity evolution in the Simple Model of Galactic Chemical Evolution (Schmidt 1963; Tinsley 1980; Pagel 1997; Matteucci 2003) , except that in this equation there is still no assumptions regarding "instantaneous recycling approximation". When the instantaneous recycling approximation is used, the relation between the increase in the abundances of two elements i and j can be rewritten as:
When comparing chemical elements that do not contribute to the production and depletion of one another, Equation 3 can be taken as a linear relation or a simple correlation between X i and X j . Out of the instantaneous recycling approximation (see Equation 1), the relation between X i and X j can still be interpreted as a local linear regression having a variable correlation coefficient due to the difference in the average lifetime of stars that contribute to production of X i and X j .
Stars in the C-space
In the C-space, each star is represented by a point whose coordinates are (X 1 , X 2 , ... X n ), where each X i represents the abundance of the ith chemical element. The distribution of stars in this n-dimensional space should reflect the relations of Equation 1. Thus, each relation between the abundance of two elements (X i × X j ), that may be represented in a plot (as usual in most works dealing with chemical abundances), corresponds to the projection of this n-dimensional distribution in the abundance subspace X i X j .
The correlation between X i and X j is directly related to dX i /dX j , which is equivalent to the ratio of the effective yields. Since this argument is valid for any pair (i, j), we can construct a n × n correlation matrix that summarizes the concomitant variations in this n-variational space. It is clear that the elements a i j of this matrix are proportional to dX i /dX j , since the derivative corresponds to the slope of a linear relation between X i and X j . It is necessary to consider the proportionality to the average dX i /dX j because the ratio of yields may change with time.
This discussion aims to introduce a concept that will be very important for the interpretation of the clustering of stars that we will find in the chemical abundances space: there is a straight correspondence in the occupation of this space and in the correlations that can be observed between pairs of elements abundance (X i , X j ). The most trivial case is that in which the instantaneous recycling approximation is valid for all elements considered and y i /y j = 1, ∀ i, j. In this case, the n × n correlation matrix would have all elements equal to 1 and n-dimensional space would be populated only along its hyperdiagonal 1 , i.e., the n-dimensional analogue of the line x = y in the two-dimensional space.
If y i /y j = 1, ∀ i, j, but constant and non-zero at all times, the relation between the abundances X i and X j will be still linear although it would no longer occupy the diagonal of X i X j plan. In the n-dimensional abundance space, the stars would be found in an n-dimensional line, having projections onto the X i X j plans corresponding to linear relations with an angular coefficient y i /y j . We can use the sample correlation matrix to foresee how should be the occupation of the abundances space from its various bi-dimensional projections. The narrower and more well-defined are the relations X i ×X j , ∀ i, j, in a sample, the more confined to an n-dimensional line are the stars of this sample. This n-dimensional line has the same role of the principal axis of the C-space, along of which is the maximum variance of the data.
Chemical enrichment flow in the C-space
We will call the gain in metals which occurs along this ndimensional line, or principal axis, as chemical enrichment flow. Along this enrichment flow, the relation between increments of abundance in the n elements is constant or nearly constant, so that a star 10 times poorer than the Sun in Fe is also about 10 times poorer than the Sun in its other heavy elements. That is, the relative abundance pattern of these stars varies little or nothing.
The chemical enrichment flow sets the pace at which the average abundances of the interstellar medium grow. Any classification and clustering method that is applied to the abundances space should evidence it as a zero-order trend. Because it is an n-dimensional line, extending from the region of the smallest to the largest abundances, for all elements treated here, the statistically segregated chemical clustering of stars are distributed, at first sight, along this line, leading to the seemingly trivial finding that such partition can be interpreted as formed by metal-poor, intermediate metallicity and metal-rich stellar groups (e.g., see da , and Section 5 of this work).
We can remove this zero-order trend from the data before using them in classification methods. This can be done by using the abundance ratio space, [X/Fe], instead of the abundance space, [X/H]. We choose not to perform the analysis within the abundance ratio space for the following reasons:
(i) the analysis of chemical clustering of stars is already performed in the abundance ratio space, although not explicitly, in several studies that do chemical tagging (Freeman & Bland-Hawthorn 2002) (ii) our intention is to represent the chemical clustering of stars in an evolutionary hierarchy (hence the use of classification trees). For this we need to implicitly have the variable time in our data, which is possible with the use of abundances [X/H].
Stars with peculiar chemistry
We are interested in finding clustering of stars with peculiar chemistry, which are situated in regions out of the enrichment flow in the abundance space.
The existence of stars with peculiar chemistry can be understood in light of the Equation 1 where the ratio of effective yields for a certain number of chemical species is substantially different from that ratio which characterizes the chemical enrichment flow at the same time t. According to the equation, the effective yield would change when the proportion of stellar masses which die in a time t varies 2 , either on account of the finite stellar lifetimes or of a varying initial mass function.
Stars born in these regions would show peculiar abundance ratios. The abundances space is sketched in Figure 1A . Each axis of this figure schematically represents a particular subspace of the n-dimensional abundance space. In these subspaces, the stars should be distributed mainly along an n-dimensional line, represented by the solid black line, which we called "chemical enrichment flow". According to the equations derived above, when the ratio of the effective yields of elements i and j does not vary over time, the abundance subspace X i X j is populated only along a single line. Later variations in the effective yields of a few pairs (X i , X j ) should result in effluent branches (represented by the small dashed lines that depart from the chemical enrichment flow toward increasing abundances).
The extension of these branches depends on the efficiency of mixing process in the interstellar medium, because it requires the relative isolation of that portion of the galactic gas, such that this peculiar chemical pattern created from a partial enrichment (i.e., by a few specific stellar masses) is not obliterated by further mixing of ejecta from different masses. If this isolation is maintained for a long time, before the ratio of specific yields approach a constant value, this galactic region can inherit an entirely different chemical pattern (represented by the cyan solid line), although this chemical pattern can subsequently grow in a similar rate to the main flow. That is, the enrichment pace (average chemical enrichment due to the combined mixing of ejecta from several stellar masses exploding at a given time) was stabilized, but only after the characterization of a distinct initial chemical pattern. Another case is one in which a galactic region has an initial mass function different from the one which can be taken as an average of the galactic disk; in this case, this zone is enriched following a different chemical enrichment flow (solid red line). Finally, each of the populated regions of the abundance space may have its effluent branches, due to the peculiar chemical patterns imposed on an average chemical pattern.
This qualitative discussion aims to show why the abundance space should not be randomly populated by stars, but highly structured.
A typical sample of this stellar abundance space should contain stars along these various enrichment "lineages", as shown in Figure 1B . Ideally, as we propose to classify the stars using their abundances, in a fashion similar to the taxonomic concepts of biology, we want to be able to detect the hierarchical lineages in the enrichment of the galactic disk. Our success could be described in how closely we can reproduce the hierarchical lineages, effluent branches, etc., to which each star belongs, as well as be able to date these enrichment events. However, we must pay attention to the limitation of these techniques. The methods we use are unable to separate the enrichment lineages if the separation between them is not as large as the total variation of the abundances along the average chemical enrichment flow (represented by the black line in Figure 1A ). The consequence of this is that the maximum variance along this flow dominates over the other variances (along other lines of this n-dimensional space), so that the main abundance clusters to be found are trivially interpretable as those of metal-poor, metal-intermediate and metal-rich stars, and each of these may also have similar divisions. Figure 1C illustrates this.
In Figure 1C we show the same sample of Figure 1B , now separated into clusters of stars, which are formed by chemical similarity by the method of hierarchical clustering (see Section 4) and connected by a minimum spanning tree. Note how the actual a priori hierarchy in Figure 1B is obliterated precisely along the main flow of chemical enrichment. Stars of different lineages (the lines of different colours in Figure 1B ) can be taken as a group just based on the average value of their of abundances in those variables that explain the maximum variance of the C-space. However, the minimum spanning tree, Figure 1C , is still able to join several stars coming from a common lineage. We hope to be able to find real clusters as well as chemically peculiar subgroups clusters of stars with a lower number of stars as subsets of the larger groups that merely divide the abundance space along the chemical enrichment flow.
It is worth noting, as can be inferred from Figure 1C , that a metal-rich star of the thin disk is chemically closer to a metal-rich star of the thick disk than to a metal-poor star of the thin disk itself. The methods of hierarchical clustering applied in this work find stars with similar chemistry in [X/H]. They are less sensitive to [X/Fe] and so are not used to recover or identify components of galactic structures such as the thin and thick disks.
THE DATABASE
We have selected samples on the literature based on their coverage of the abundance space, resulting in 8 surveys. The selection criterion we use to define the sample coverage was the number of surveyed stars and the number of elements in the survey, simultaneously: only those surveys having more than 150 stars and 10 elements were used. In Table 1 , we list the samples used in this study.
Each of the samples was built with a particular goal by the respective authors. Taken together, they form a very heterogeneous sample that unequally covers the space of the chemical abundances. For example, some of these surveys aimed to study metal-poor stars (Fulbright 2000) , and others, metal-rich stars (Neves et al. 2009 ). This focus on different parts of the abundance space is more clearly highlighted by the [Fe/H] distribution of each survey, as shown in Figure  2 . The abundances coverage varies, not only from a survey to another but also from one element to another. Such heterogeneity of the data may limit the statistical significance of our analysis, since the unequal coverage of the abundance space, aggravated by the diversity of abundance measurement methods and sample selection from one survey to another, destroys the real proportion in which chemically different stellar groups in the solar neighbourhood are represented in this study.
This means we can not use a combined sample of these individual surveys to study the distribution of the abundance of an element in the solar neighbourhood. Instead, we are interested in finding chemically distinct and extreme groups. Our work do not seek to find the proportion of these stars in the solar neighbourhood, but attest their existence, incorporating them into a hierarchical classification based on the chemical properties.
We can illustrate this sample heterogeneity problem in our database with that found by a biologist who seek to taxonomically classify species based on small number of species surveyed heterogeneously. Eventually, the biologist might be unable to find a family or a genus not present in his sample, but still should be able to successfully group the species in phyla, kingdoms and orders. Our expectation, therefore, is not to provide a full inventory of the stellar content of the solar neighbourhood, but identify and hierarchize the principal chemical classes in which the stars are distributed.
Most of our samples, with one exception (Neves et al. 2009), do not contain a complete data set, that means their sample do not have abundance measures for all elements for all stars. As the method applied by us does not allow missing values, since the analysis is developed by comparing the values between objects, we applied some cuts, discarding stars or elements in order to have full complete samples.
METHODOLOGY
In our study we make use of three different methodologies. Since the goal of this work is to find clustering of stars in the abundance space and study their enrichment pattern, we apply three methods: the hierarchical clustering technique, the principal component analysis (PCA) and the minimum spanning tree. These are methods of unsupervised pattern recognition (Everitt et al. 2011; Gorban & Zinovyev 2008; Hartmann 2015 ).
An unsupervised analysis occurs when in the input data set there is no information about the class associated with each example. In the case of the hierarchical clustering technique, the only information we have is the dissimilarity matrix.
To assist in the following explanation, we assume that the data set for m objects in an n-dimensional space can be described as follows:
n ), where i = 0, 1, 2, ..., m − 1, such that m is the number of objects and n is the number of variables. In this work, stars are the objects and the chemical abundances for each element are the variables of our data set.
Hierarchical clustering technique
The hierarchical clustering aims to join objects, so that there is homogeneity within a group but heterogeneity among groups. Initially, we consider that the number of groups is equal to m, which is the number of objects in the data set. In this way we have that the set of groups can be written as: C = c 1 , c 2 , , c 3 , ..., c m , where c i = {X (i) }. The distance between two groups is the distance between the variables of two objects. We define the distance between the group c i and c j by the distance function d c (i, j), which is the distance between two points. We use euclidean distance, which can be described analytically by the equation:
where X i a is the value of the variable a for the object (or group, in the case c i a ) i e X j a is the value of the variable a for the object (or group, in the case c j a ) j. By recursive clustering of the data by similarity, based on the distance between them, the number of groups progressively decreases, so that the groups with lesser distance value are combined, forming new groups. The groups form in pairs, agglomeratively and hierarchically. The process of forming subgroups and groups stops after m − 1 interactions, where m is the number of objects in the data set. At this point, there is a single group containing all objects.
For each iteration that occurs, forming new groups, a dissimilarity matrix is created. A dissimilarity matrix is built from the measured distances between the location of the objects in C-space. In the first iteration, where each object in the data set is considered a group, the dissimilarity matrix is an array of distances between an object i and another object j. After forming the first group, from the two objects with the lowest distance value, we do not only have groups with one member per group. The new group has two members. Therefore, a new matrix of dissimilarity is created. The method for determining the distance between the groups used was the average linkage, whose distance d c (k, l) from the new group c k to another group c l is calculated by the average distance between the objects of the first group and the objects of the second group and can be described by the equation:
where c k e c l are the numbers of objects in the groups k e l, respectively. We have chosen the average linkage method because other methods (such as complete linkage and single linkage) 3 are more sensitive to abundance outliers.
For the application of the technique, it is necessary that the data is in a suitable format for the analysis. The completeness of the data is essential, such that objects that do not have some of the measured properties should be discarded previously to the analysis. During the data preparation, we excluded these objects in order to not significantly reduce the size of our final sample.
We used dendrograms to represent the results. The dendrogram is a graphical tool which can objectively illustrate the hierarchy of the clusters.
Principal component analysis
Principal component analysis (PCA) is a suitable technique for the interpretation and description of multivariate data, by allowing the description of a complex data set through the reduction of its dimensionality. PCA applications in chemical abundance analysis have been carried out by Ting et al. (2012) and Andrews et al. (2012) .
When we study a data set, with a large number of objects m and variables n, the existence of structures and correlations between the variables facilitates the understanding of the data. Therefore, an alternative is to work not with variables, which are many, but with derived variables.
PCA performs a transformation, creating a new subspace whose number of components is smaller than the number of variables, showing which variables in a data set are the most significant and how these variables are correlated. This analysis allows the representation of the set of variables (abundances) by a set of orthogonal vectors in a C-space (chemical space), so that these vectors or components are able to explain the maximum variation of the data using the smallest possible number of components (Pearson 1901) .
The components originated from the transformation of n-dimensional space into a smaller number of variables can be described according to the generalized equation below:
where β k is a vector of n constants, PCk represents the kth principal component and the vectors (β 1 , β 2 , β 3 , ..., β n ) uncorrelated.
Minimum spanning tree
The minimum spanning tree is a graphical data clustering technique that consists of connecting a set of objects, which we call tree nodes, into pairs of objects through edges, without closed loops, so that the total length of the tree is minimum. The length of the tree is the linear sum of the l lengths of the edges of the tree. The length of each edge corresponds to the distance between two objects i and j connected, which can be represented by the euclidean distance, described in the equation 4. According to Barrow et al. (1985) , each node i in the tree corresponds to an object X i of the data set. A node i of the data set is chosen arbitrarily and a smaller edge connects this node to another node j. This process is performed continuously until all nodes are connected to at least one other node, so that all objects are part of the tree and without any closed loop of nodes. In each process of joining the nodes (represent the objects) by an edge (represent the distance between objects) a subtree is formed. The minimum spanning tree selects, within n(n−1)/2 possible different separations, a subset representing the similarity (smallest distance) between objects. At the end of the connections, we have a tree with all nodes connected, with the smallest possible length, forming the minimum spanning tree.
The minimum spanning tree can be divided into smaller groups in order to find similar isolated groups. In this case, a node i is connected to another node j by an edge i, j if the distance between objects is smaller than a given threshold θ , so that d(i, j) < θ . Small values of θ provide a setting in subtrees, where each tree represents a group (see Figure 1) . Many large values of θ can lead to a configuration where only one group is found, forming a large single tree.
As this technique generates a tree of smaller length, it is expected that it will satisfactorily represent patterns of clustering of stars within the space of chemical abundances.
In this paper, the points are represented by the stars and the separation between them, the edges, is represented by the distance in stellar abundance. We generated minimum spanning trees for the first two principal components (first principal component, PC1, and second principal component, PC2), in order to study the chemical patterns in our samples.
RESULTS
In this Section, we discuss the results obtained and describe relevant details that are observed regularly in all samples.
This analysis is a pilot study, a first analysis and demonstration of the methodology applied here. We select multiple surveys in the literature in order to test the methodology and compare the results for the different surveys, and to make sure that the results are consistent and independent of the survey used. The surveys used here are not similar, as can be seen in the metallicities distribution of Figure 2 . Once the consistency of the results is established independently of the survey used in the analysis, we will later apply the methodology used here to large surveys with a large number of stars and chemical abundances for different elements.
Besides finding groups of stars having similar chemical enrichment, we seek to obtain, within these, subgroups that did not follow the "typical"chemical enrichment history; that is, stars particularly super enriched by a particular element compared to the average enrichment of other elements.
We will analyse and discuss the abundance patterns in these groups and subgroups according to the nucleosynthesis processes responsible for the variation in the average abundance. The data used in both methods (hierarchical clustering and PCA) are the ratio of the abundance by number of element X to hydrogen with respect to the Sun ([X/H]) 4 .
Hierarchical Classification and the Chemical Abundance Curves
The technique of hierarchical clustering was applied to each sample listed in Table 1 . As described, the stars are clustered according to similar abundances. The results are presented
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in a dendrogram (e.g., see Figure 3 ). In a dendrogram, the y-axis gives the distance in the abundance space between the object and the centre of each group, and the x-axis has the objects as output. The distance is measured in the unit of data, in our case, dex. We seek to find clustering of stars with similar abundance patterns. To do this, we made cuts in the dendrograms in order to divide them into chemically similar groups. The cut should be done following some criteria that quantify the relevance of the groups obtained. The cut is performed after we establish a threshold value θ for the y-axis, which represents the distance between groups in the dendrogram, and from where we can infer the level of similarity of the objects. This value θ can be described as a threshold value in which all distances between different groups are greater than θ and all distances of members (subgroups and objects) within a same group are smaller than or equal to θ . It is the equivalent of making a cut with a horizontal line in the dendrogram for δ = θ , where δ represents the height on the y-axis (see Figure 3) . We use a cut-off criteria to a value of θ whose number of groups remains constant over a greater range of abundance distance (see Figure 4 and Placco 2007). Our dendrograms are coloured in order to distinguish each of the groups. The cut is meant to separate the firstlevel structural division of the stars in the abundance space. These groups can be used to order the stars in the direction defined by the chemical enrichment flow (see Section 2.3).
We define a chemical group as one these first-level divisions found using hierarchical clustering. Hereafter, every time the word group is used in the discussion, it explicitly means a group of stars that is put together in one of these first-level divisions. As the main goal of this work is to find chemically peculiar and extreme stars, we further divided the groups in subgroups, and analysed the behaviour of the average abundance of each pattern in them. After the division into subgroups, some of these were not considered in our analysis on account of the very small number of constituent stars. For the remaining subgroups we study their average abundance pattern. As with the word group, subgroup is hereafter used with an exact definition. It always means a subdivision of a previously found group.
As will be shown below, we represent the abundance patterns of the groups and subgroups found with the technique of hierarchical clustering through chemical abundance curves. Each curve represents the average abundance from a group (or a subgroup) of stars with similar chemistry. In Figure 5 we have two plots that are schematic representations of what we could expect when analysing the chemical abundance space. We have in these two plots chemical abundance curves for different types of groups. The first plot presents 4 groups of stars born from an interstellar medium which was enriched by a constant average rate for all elements. In this case the groups have proportional chemical abundance patterns. In the second plot we present, 2 groups that have proportional chemical abundance patterns (magenta and yellow curves in the bottom plot), a group of stars born from an interstellar medium with large variation for the abundances of some elements with respect to the average enrichment rate of the interstellar medium (blue curve in the bottom plot) and a group of stars for which the relation between the abundances of all elements is nearly constant (purple curve in the bottom plot), this implies [X/Fe] ∼ 0.
Chemical enrichment flow
We use the metallicity of stars as an approximate measure of time, so that stars having lower abundances are likely to be older since they formed from less enriched gas clouds.
By applying the hierarchical clustering technique and our cut-off criteria, we find that the Adibekyan et al. (2012) sample is made of four main groups, the Gratton et al. (2003) and Takeda & John (2008) In Figure 6 we show the average abundance curve for each group found in the 8 samples. From the equations of chemical evolution (see Section 2) we expected a progressive enrichment of the interstellar medium with time in which the elements had their abundances enhanced in a nearly constant rate. The comparison of the average abundance curves are very useful to display the relative enrichment rate of each element in what otherwise would require a multidimensional plot (one element in each dimension).
We classify these groups according to their average abundance. The abundance patterns for each group in Figure 6 can be classified roughly in metal-poor, intermediate metallicity and metal-rich, through chemical abundance curves. The terms metal-rich, metal-poor and intermediate metallicity are used in a relative sense between groups, since the metallicity coverage of each sample differs. This result would be, by itself, trivial except for the fact that the chemical abundance patterns of the groups, in general, are somewhat proportional. They are not completely different chemical groups, but similar in the sense that what segregates them is an approximately linear increase in the abundances of all the elements together. In short, the average enrichment rate of the interstellar medium is nearly constant for all the elements.
The enrichment patterns observed in Figure 6 has analogous behaviour to the diagonal (or principal axis) of a multivariate abundance space (see Figure 1) . We show below that this behaviour is easily understood from a principal component analysis. Due to the highly structured nature of the C-space, all agglomerative methods will initially segregate groups along this main enrichment flow.
Relative enrichment rate among the elements
We observe variations in the enrichment rate within the same group, whose average abundance relative to iron varies from element to element, and is due to different processes of nucleosynthesis. In all samples we observed an overabundance of the α-elements ([α/Fe] > 0.0) to all groups, but there is a decrease of [α/Fe] Kobayashi et al. (2006) , through models of nucleosynthetic yields, which shows that the ratio [Mn/Fe] is increasing rapidly because a higher amount of Mn is produced by SNe Ia than Fe.
Based on the plots of average abundance of the groups (see Figures 6b, e, f and g ), we verify a significant increase in the abundances of s-process elements (Ba, Y, Zr and Ce), with the increase of metallicity ( Edvardsson et al. (1993) , Takeda & John (2008) , Reddy et al. (2003) and Fulbright (2000) . Similar behaviour is observed by da . This significant and later enrichment occurs probably because these elements are mainly produced by intermediate mass stars during the AGB phase.
We observed a similar behaviour between Fulbright (2000, see Figure 6g ) and Gratton et al. (2003, see Figure 6d Kobayashi et al. (2006) , this behaviour occur due to the dependence in metallicity of the synthesis of Na.
The abundances of the sample of Takeda & John (2008) showed a distinct behaviour compared to the others. Takeda & John (2008) analysed giant stars, and in this range of stellar masses the CNO cycle, together with the convection, induces the consumption of atmospheric C and O, and because of this we observe a deficit of O and C in the patterns of the groups of this sample.
The abundance of the iron peak elements (Cr, Ni, Co, Cu, Zn, Mn, V and Fe) follow closely [Fe/H] with small variations. They also had a late enrichment, since they are synthesized at SNe Ia sites.
Peculiar subgroups
Stars that are chemically more distinct are highlighted as subgroups along the chemical enrichment flow. Because this, we decided to divide the groups of stars into subgroups with a smaller number of stars.
The chemical abundance curves of the subgroups of stars in each sample are shown in Figures 7 to 11 . We label the subgroups according to the colour and position of the subgroup in the dendrogram that represents the hierarchical clustering analysis (see Figure 3 as example to Edvardsson et al. (1993) 
sample).
Large variations in abundance in the interstellar medium over time give rise to extreme subgroups with different enrichment patterns compared to the average pattern. We say that these subgroups have "peculiar" chemical enrichment. These subgroups with peculiar enrichment can be quickly identified in the plots depicting the abundance curves (Figures 7 to 11 ). In these peculiar subgroups, the abundance of certain elements will grow at a rate faster than expected by the main chemical enrichment flow. If that happens, the curve of a subgroup with lower average abundances might cross the curve of a subgroup with higher average abundance at that specific element that has peculiar abundances.
In all samples, as was expected, the main subgroups follow the chemical enrichment flow. We found that the samples of Edvardsson et al. (1993) , Fulbright (2000) and Gratton et al. (2003) do not have any element with peculiar enrichment. The chemical pattern of the subgroups identified in this sample basically show the decrease in the average value of [α/Fe] due to the increase of [Fe/H] . The small number of stars of these samples (less than 190 stars) leads us to believe that this is the result of a small sample, statistically unrepresentative of rarer groups. Because this, we decide do not present in this paper the chemical abundance curves of the subgroups for these samples.
In the Neves et al. (2009) sample we found that the chemical pattern of some subgroups that almost intersect others. In this sample, 3 of 11 subgroups (see Figure 7) have peculiar chemical patterns. There are two subgroups subgroup, 12 stars, average abundance dispersion σ = 0.11 dex).
Based on the average abundance uncertainties in the Adibekyan et al. (2012) and Neves et al. (2009) samples, 0.03 dex and 0.02 dex for [Fe/H], respectively, and the average abundance dispersions for the groups found as peculiar to these samples, we can conclude that the peculiar groups can be considered robust groups in the stellar abundance space and not a mere effect of high values of abundance uncertainties.
We observe similar trend in the Takeda & John (2008, see Figure 9 ), Reddy et al. (2006, see Figure 10 ) and Reddy et al. (2003, see Figure 11 ) samples.
The samples of Reddy et al. (2003) and Reddy et al. (2006) have a small number of objects, each about 180 stars, and probably because of this they do not present significant subgroups with peculiar abundance chemical pattern. 
Principal component analysis
In order to confront our results with other methodology, we applied the principal component analysis. The PC1 (first principal component) and PC2 (second principal component) account for more than 90% of the variance in ndimensional space of stellar abundances for all samples used. This shows that the effective dimension of the abundance space is very small, which can be reasonably well-represented by 2-3 variables formed by the linear combination of the chemical abundances. Because of this, we only plot the PC1 and PC2 coordinates.
The groups found by the hierarchical clustering correspond, almost completely, to specific intervals of PC1 coefficients. As can be seen in Figure 12 , which corresponds to the principal component analysis for Adibekyan et al. (2012) sample, for the first and second components, respectively, PC1 determines the average chemical enrichment pattern (that is, our hierarchical groups are mostly defined by well marked intervals in PC1), the main flow of chemical evolution, while PC2 provides the typical deviation of this flow due to the local chemical enrichment inherited by stars .
PC1 gives the average chemical enrichment resulting from SNe explosions and stellar winds. PC2 represents smaller variations in the abundance space and highlights the peculiar enrichment in some elements.
The principal components can be interpreted as a result of the nucleosynthesis processes. As obtained by Ting et al. (2012) , who found that a dimensionality of 7 to 9 components in the C-space can describe 25 variables (abundances), we found that our abundances may also be represented by a lower number of components (2-3 components) than variables, in order to represent the chemical enrichment of the Galaxy.
We show in Figure 12 that the PC1 loadings are very similar for the Adibekyan et al. (2012) and Neves et al. (2009) samples. The higher loadings in PC2 are seen just for those elements that mostly deviate from the typical linear increase in the average abundance patterns of the subgroups (like V, Mg, Sc and Si, see Figures 8 and 7) . Similar behaviours were found in the PCAs of other samples. Figure 13 shows the minimum spanning trees of the Adibekyan et al. (2012) and Neves et al. (2009) samples projected onto the subspace formed by the two first principal components. The colours of the objects follow the same colours used for the hierarchical clusters found in Figure 3 . The groups are connected to each other along a line that runs nearly parallel to the PC1 axis. As we have discussed before, PC1 (the first principal component) marks the axis that explain most of the variance in the data. Since the chemical enrichment in one element is generally followed by enrichment in all of the other elements, on account of the mixing of the ejecta by several stars in the interstellar medium, the stars are mostly aligned in low dimension elongated subspace of the C-space, having PC1 as its main axis. This is what we called "main enrichment flow", meaning that the chemical enrichment of the Galaxy, as seen in the C-space, processed mostly according to this path.
The ramifications from this flow runs parallel to the PC2. Each is a subgroup in the hierarchical clusters. From Figure 1 , we expect that these ramifications could evidence clusters of stars with peculiar chemistry. Indeed, these subgroups are more interesting for chemical tagging because they correspond to stars that are disproportionally overunderabundant in one or more elements.
For instance, in Figure 12 , we see that all the PC1 loadings have the same sign (positive). Thus, a star that have coordinates (PC1,PC2) = (−1, 0) differs from another having coordinates (PC1,PC2) = (+1, 0) just by a proportional increase in all elements given by the PC1 loadings. On the other hand, the PC2 loadings have opposite signs for some elements. This means that running along the PC2 axis (for It is likely that more branches could be found in metal-rich and poor subgroups (subgroups of extreme metallicity), if we had a larger number of stars in these regimes.
CONCLUSIONS
We used two different techniques to understand the structure of the stellar chemical abundance space. Applying the hierarchical clustering technique, we classified the stars from each sample according to their average abundances, dividing the set of stars in rich, poor and intermediate abundance groups. The PCA technique showed, to all samples, that the stellar abundances space can be reasonably well represented by only two principal components, corresponding to more than 90% of the variance in the data.
The results obtained by the PCA technique corroborate with those obtained by the hierarchical clustering technique. In both, we attest the existence of a main enrichment flow in the chemical abundance space from which less prominent peculiar patterns arise.
The chemical enrichment flow can be observed through graphic representation of the average abundance pattern of Figure 13 . Minimum spanning tree of the Adibekyan et al. (2012) and Neves et al. (2009) samples projected onto the subspace formed by the two first principal components (PC1 and PC2). The colours of the objects follow the same colours used for the hierarchical clusters found in Figure 3 . The groups are connected along a line that runs nearly parallel to the PC1 axis. PC1 marks the axis that explain most of the variance in the data. The stars are mostly aligned in low dimension elongated subspace of the C-space, having PC1 as its main axis. The ramifications from this flow runs parallel to the PC2. Each is a subgroup in the hierarchical clusters.
the groups found in the hierarchical clustering: the increase in [X/H] gives rise to nearly parallel patterns between the groups, so that the increase of [Fe/H] is followed by the similar growth of other abundances. This means that there is a nearly constant enrichment rate. This is equivalent to the ndiagonal line in the stellar abundance space. By using PCA method, we obtained a similar result. This enrichment pattern is present in all samples, and gives the bulk enrichment of the galactic interstellar medium.
Ramifications out of this enrichment flow indicate peculiar chemical subgroups formed by stars with similar [Fe/H]. They show up as subgroups having intercrossing chemical patterns with subgroups of similar [Fe/H] . According to the PCA, we see that the elements that have a higher loading in the second principal component (PC2) are the same that appear with a peculiar enrichment responsible for the crossing patterns presented by hierarchical clustering technique.
We obtained the same set of results through the minimum spanning tree to applied to the main components. We observed that most of the stars are along the PC1 axis, which represents the enrichment flow connecting stars of the metalpoor group to stars of the metal-rich group. Along the PC2 axis there are branches, which are the stars of subgroups with peculiar chemical enrichment.
Subgroups having peculiar chemical enrichment are found mostly among subgroups of intermediate abundance. This behaviour can be easily checked through the minimum spanning tree for the samples of Neves et al. (2009) and Adibekyan et al. (2012) . This may be just the effect of a lower sample at the tails of the metallicity distribution. The same effect is observed in samples having small number of objects. For these, we observe just the chemical enrichment flow. The crossing patterns is observed only in the samples that have a large number of stars.
We observed through our results and in the literature data, that the behaviour which we found -intersections in the chemical abundance pattern -results from stars overenriched in some elements. Mg, Si, Sc and V were some of the elements singled-out in the crossing abundance patterns for the Neves et al. (2009) and Adibekyan et al. (2012) samples.
The peculiar enrichment of these elements for some stars may be due to production of this element from different nucleosynthetics sites. A similar behaviour to that obtained in our analysis for the Mg and Si is also found in Chen et al. (2000) . da associate the super enrichment of the elements Mg and Si to different nucleosynthetic sites (SNe Ia and SNe II). According to the work of Fenner et al. (2003) , the magnesium isotopes are originated from different sites. Bensby et al. (2003) found that the behaviour of the Si abundance in the thick disk denotes that this element is produced by both SNe Ia and SNe II. Nissen et al. (2000) found a great enrichment of Sc in metal-poor stars, and concluded that Sc, despite being considered an iron peak element, also behaves as an element of α-process. However, V is an element whose abundance is difficult to measure, therefore it is very little studied. Prochaska et al. (2000) suggest that the isotope 51 V is produced mainly by α-process (SNe II), but is also produced by SNe Ia, which could explain our results. Spina et al. (2015) , studying the open cluster Gamma Vel, found that some stars in this cluster present overabundance of some elements with respect to other stars of the cluster. They show that all of these overabundant elements are refractory elements and the most refractory (Sc) is the most overabundant element. They suggest that the peculiar abundance pattern observed in some stars originated from the enrichment of the stellar atmospheres due to accretion of rocky objects, such as planets or planetesimals. Based in this and in the fact that the stars of the sample of Adibekyan et al. (2012) and Neves et al. (2009) are stars hosting planets, we believe the existence of some stars with peculiar chemical in the Adibekyan et al. (2012) and Neves et al. (2009) samples may be related to the accretion of planetary material.
Our results indicate that the chemical abundances space is highly structured, such that only a subspace with dimensions smaller than total number of elements can be used to explain the bulk of the observed enrichment processes.
